Abstract. Catenoids in de Sitter 3-space S 3 1 belong to a certain class of spacelike constant mean curvature one surfaces. In a previous work, the authors classified such catenoids, and found that two different classes of countably many exceptional elliptic catenoids are not realized as closed subsets in S 3 1 . Here we show that such exceptional catenoids have closed analytic extensions in S 3 1 with interesting properties.
Introduction.
We denote by S To draw surfaces in S 3 1 , we use the stereographic hollowball model given in [3] as follows:
(1) Π : S δ := t + t 2 + x 2 + y 2 + z 2 = t + 2t 2 + 1 . where |ξ| := ξ 2 1 + ξ 2 2 + ξ 2 3 for ξ = (ξ 1 , ξ 2 , ξ 3 ). In [1] , the authors classified all catenoids in S 3 1 (i.e. weakly complete constant mean curvature one surfaces in S 3 1 of genus zero with two regular ends whose hyperbolic Gauss map is of degree one). There are three types of catenoids:
• elliptic catenoids,
• the parabolic catenoid, and • hyperbolic catenoids. There are many subclasses of elliptic catenoids whose secondary Gauss maps g are given by
Except for the two cases (iv) and (v), all elliptic catenoids are closed subsets of S 3 1 , since the singular sets of catenoids of type (i)-(iii) are compact. In this paper, we call the catenoids in the class (iv) (resp. (v)) exceptional catenoids of type I (resp. exceptional catenoids of type II ) and we study these two classes.
For each m = 2, 3, . . . , we set
n is called almost embedded (resp. almost immersed ) if there is a discrete subset D of A such that A \ D is the image of an embedding (resp. an immersion) of a manifold into M n . For example (cf. [1] ),
• catenoids of class (iii) are not almost immersed, • catenoids of class (i) are almost immersed, but not almost embedded,
• catenoids of class (ii) are almost embedded. In Section 2, we investigate the geometric properties of f has an analytic extension whose image is immersed outside of a compact set. In Section 3, we show that each C II m can be realized as a warped product of a certain trochoid and hyperbolas. In particular, C It is well-known that the de Sitter space S 3 1 can be compactified by adding two spheres ∂ ± S 3 1 . These two sets ∂ ± S 3 1 are called the ideal boundaries. In the stereographic hollowball model, the relations 
Exceptional catenoids of type I.
In this section, we show that f I m has analytic extension. For each integer m ≥ 2, we set f with
We know that f I m (r, θ) has self-intersections, since it contains swallowtail singularities. The limit curve
gives a closed regular curve.
A hypo-trochoid is a roulette traced by a point attached to a circle of radius r c rolling along the inside of a fixed circle of radius r m , where the point is a distance d from the center of the interior circle. The parametrization of a hypo-trochoid is given by
We prove the following:
The plane curve γ m (θ) has the following properties: Figure 3 )
Proof. The first two assertions follow immediately. The last assertion follows from the expressions
. We set Ω := Ω + ∪ Ω − , where
The expressions (6) and (7) are meaningful for r < 0, and f I m can be extended to Ω. We denote this extension byf
In particular, if m is odd, the image f 
where ǫ is the sign of r (cf. Figure 4) . We next consider the light-like lines
passing through P k for k = 0, 1, . . . , 2m − 1, and set Proof. By (6)
where cos −1 is considered as a map
Then lim
m is the closure of the image off I m , proving the first part of (i). The second part of (i) is already proven. We next prove (ii). Sincef I m is an analytic immersion on Ω \ Σ m , it is sufficient to show that C I m is parametrized analytically on a neighborhood of L k , which gives an immersion on L k \ {P k }. For this purpose, we set s := (cos mθ)/r. Then x j (j = 0, 1, 2, 3) have the following expressions:
Since ∂(x 1 + ix 2 )/∂r (0,s) = 0 if s = 0, one can easily check thatf I m (r, s) is an immersion at (0, s) for each s ∈ R \ {0}, which proves the assertion. Next, we consider the limit points of C (1)). Theorem 3. If m is even (resp. odd), the set of limit points of C I m is {p ± , n ± } (resp. {p ± , n − }). More precisely, let {ζ j = (r j , θ j )} be a sequence in Ω whose image byf The domain containing {ζ j } A
Proof. We rewrite (16) as
where sgn(x 0 ) denotes the sign of x 0 . By (6) and (7) lim r→±∞ holds for each j. Since {x 0 (ζ j )} is unbounded, so is (cos mθ j )/r j . Then sgn(cos mθ j /r j ) = (−1) m holds for sufficiently large j because r j tends to 0. Then by (6), sgn x 0 (ζ j ) = (−1) m . On the other hand, (6) implies that lim
Since x 1 and x 2 are bounded near r = 0, y l (ζ j ) tends to 0 for l = 1, 2. Thus we have the conclusion. The other cases can be proved similarly.
Exceptional catenoids of type II.
Here we show that the image of the exceptional catenoid f 
Since the singular set Σ m of the map f
for k = 0, . . . , 2m − 1. In particular, if we set 
where α k is as in (19) (k = 0, . . . , 2m − 1). (ii) The limit points of C II m are the four points p ± and n ± as in (15). Proof. Substituting θ = α k into (18) and using that cos mθ = 0 and sin mθ = (−1) k on σ k , we get the first assertion.
To prove the second assertion, we remark that
for each k, since sgn(cos mθ) = (−1) k . Take a sequence {z j } on C \ {0} such that Π • f II m (z j ) converges to one of the points in the ideal boundary. By (i), we may assume that each z j ∈ Σ m . With finitely many sectors, we may also assume {z j } ⊂ Ω k for some k. Then x 0 (z j ) diverges to ∞ or −∞ as j → ∞, that is, {r j + r (ii).
It should be remarked that x 1 , x 2 depend only on the variable θ, and
holds. Here, γ m is exactly the same hypo-trochoid given in Proposition 1. For fixed θ, the image of the curve defined by r → x 0 (r, θ), x 3 (r, θ) coincides with
In particular, it is half of a hyperbola when cos mθ = 0. If cos mθ = 0, the image reduces to a point. So we can conclude that the real analytic extension of the image of f II m coincides with the set When m ≥ 4, C
